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B1. Linearize the following nonlinear system near its critical point

ẋ = −y − y3,

ẏ = x, x, y ∈ R.

Show that the critical point for the linear system is a center. Prove that the type of the critical point is the
same for the nonlinear system by showing the existence of closed orbits around the critical point.



B2. Solve the following boundary value problem on the interval [0, 1] using the method of Green’s function

y′′ + 4y′ + 4y = f(x), y(0) = a, y(1) = b.



B3. Let Rj denote the j × j leading principal submatrix of a nonsingular triangular matrix R ∈ Rn×n,
i.e., Rj = R1:j,1:j .

a) (3 points) Show that Rj is nonsingular for 1 ≤ j < n.

b) (3 points) Show that ‖Rj‖p ≤ ‖Rj+1‖p for 1 ≤ j < n and for any p ∈ [1,∞].

c) (4 points) Show that
∥∥∥R−1j

∥∥∥
p
≤
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∥∥∥
p

for 1 ≤ j < n and for any p ∈ [1,∞].



B4. Let A = xyT , where both x and y are in Rn\{0}.

a) (3 points) What is the rank of A? What is the range of A? What is the null space of A?

b) (3 points) What are the eigenvalues of A?

c) (4 points) Show that det(I +A) = 1 + xTy, where I is the n× n identity matrix.


