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A1. Find the Green’s function in satisfying the equation

∆G = δ(x− x0), x0 = (1, 1, 1)

and the following boundary conditions

(a). The infinite domain R3.

(b). In the sphere |x− x0|2 < 4 and G(x)|x−x0|2=4 = 0.

(c). In the domain z > −2 and G(x)z=−2 = 0

Find the solution, in integral form, to the Poisson’s equation

∆u = e−|x|
2

in domain z > −2 with the boundary condition

∂u

∂n
= 0.



A2. Draw characteristics and find the weak solution for the following initial value problem,

ut + uux = 0

u(x, 0) =


0.0 if x < −3
0.5 if −3 < x < −2
1 if −2 < x < 0
1− x if 0 ≤ x < 1
0 if x ≥ 1

.

Find the solutions at t = 0.5, 1, 2 respectively (plot the solutions).



A3. Compute ∫
γ

z · sec z

(1− ez)2
dz,

where γ is the circle of radius 2 with center at the origin.



A4. Evaluate ∫ 2π

0
(a+ b sin θ)−1dθ

where a and b are two real numbers and |a| > |b|. (Hint: Use the residue theory.)



A5. Consider the unit circle. The electric potential is maintained at φ = 0 on the lower semicircle and
φ = 1 on the upper semicircle. Find φ inside.



B6. Consider the fixed-point iteration x(k+1) = g(x(k)), where g(x) = x+ (x− 1)2.

a) Show that it has a fixed point α = 1 and |g′(α)| = 1.

b) Show that if x(k) = 1− ε, then
|x(k+1) − 1|
|x(k) − 1|

= 1− ε.

c) Does this fixed-point iteration converge? If so, does it converge linearly, superlinearly (i.e., faster than
linear), or sublinearly (i.e., slower than linear)?

d) Apply the Newton’s method to the same root-finding problem. Does it converge linearly, superlinearly,
or sublinearly?



B7. Consider the boundary value problem

−u′′(x) + b(x)u(x) = f(x), 0 ≤ x ≤ 1 (1)

u(0) = ul, u(1) = ur

where b(x), f(x) are continuously differentiable, and b(x) ≥ 0.

a) Formulate a second-order difference method for finding the approximate solution of (1) on a uniform
mesh of size h.

b) Suppose b(x) = 0 and ul = ur = 0 in (a). Formulate a finite element method for finding the
approximate solution of (1) in this special case, also on a uniform mesh. Using the standard "hat
functions" basis for the finite element space, write out the finite element equations explicitly.



B8. For the travelling harmonic wave solution u(t, x) = ei(ωt−kx)

(a). Show that it is dispersive under the equations ut + aux = εuxxx and ut + aux = εuxxxxx, find the
phase speed of the wave under these two equations. What is the difference between the actual phase
speeds under these two equations compare to the non-dispersive phase speed a (for ut + aux = 0)?

(b). Show that it is dissipative under the equation ut + aux = εuxx, find the damping rate of the wave and
effective phase speed.



B9. For the following system of equations, what boundary conditions must be specified to make the
problem well-posed? Write an upwind scheme for the system.

ut + vx = 0
vt + 9ux = 0

What is the stability condition for the upwind scheme?



B10. For the wave equation ut + aux = 0, the following numerical scheme

un+1
j = c−1u

n
j−1 + c0u

n
j + c1u

n
j+1

is used to update the solution from step n to step n + 1. Determine c−1, c0, and c1 so that the numerical
scheme approximates the PDE to the second order in both ∆t and ∆x. What scheme is this scheme?


