
MATHEMATICAL STATISTICS                                                         QUALIFYING EXAM 

Spring 2014 

 

NAME:____________________________            ID:__________________________________ 

 

Instructions: There are 4 problems – you are required to solve them all. Please show detailed work 

for full credits. This is a 2-hour long, close book exam. Please do NOT use calculator or cell phone 

during the exam. Good luck! 

 

1. Let   be a continuous random variable with pdf      and cdf     . Assume that E   . 

(a) Define the sparsity function, s: (0,1)   , to be the derivative of the quantile function; that is 

     
 

  
       

Using only the chain rule, show that  

     
 

         
 

(Hint: think about Inverse Function Theorem) 

(b) Find the sparsity function when                 and when              

(c) Fix         and let    be the random variable with cdf given by 

                     . Find a closed-form expression for the pdf of     

(d) Find the pdf of              . 

(e) What is the distribution of    when          ?  

 

2. Suppose that         are iid with common pdf                    , where    . 

(a) Find the ML estimator of  , call it                . 

(b) Show that     
  

 
  converges in distribution and find the limiting distribution. 

(c) Fix    (0, 1) and     . Find the level-  LRT of          against         . 

(d) Find the power function of this LRT. (Hint: Consider the two different cases          and   

  .)  

(e) Is this LRT unbiased? 

(f) Find a UMP level-  test of          against         . 

(g) Find a UMP level-  test of          against         . 

(h) Prove or disprove the following statement: The LRT developed in part (c) is a UMP level-  test 

of          against         ? 

 

3. Suppose that         is a random sample from the probability density function 

       
  

 
               

where     is an unknown parameter. 

(a) Find the method of moments estimator (MOME) of   and the maximum likelihood estimator (MLE) 

of  . 



(b) Are the MOME and MLE above (i) consistent? (ii) unbiased? Give reasons. 

(c) Which estimator, MOME or MLE, do you favor using and why? 

(d) Based on the asymptotic distribution of the MLE for  , construct a 95% confidence interval for  . 

 

4. Let         be a random sample from the probability density function 

          
                      

                     
   

(a) Show that this density function is in the exponential family and that         
 
    is sufficient for  . 

(b) If           , show that    follows an exponential distribution with mean    . 

(c) Derive the distribution of        
 
    

(d) Is there a uniformly minimum variance estimator (UMVUE) for  ? If your answer is “yes”, please 

derive the UMVUE. If your answer is “no”, please argue why not.  


