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A1.

(i) Use specific functions, figures, or equations to illustrate the following concepts.

(a) Compact support.

(b) Weak derivative.

(c) Weak solution.

(d) Characteristics.

(e) Domain and closure.

(ii) Find the adjoint operator of the following operators.

(a) ∂
∂t + ∂

∂x

(b) ∂
∂t + ∂2

∂x2

(c) ∂2

∂t2
− ∂2

∂x2

(d) ∂2

∂x2
+ ∂2

∂y2

(e) ∂
∂t + v(x) ∂

∂x





A2. For boundary value problem of the Laplace equation

∆u = 0, x ∈ Ω = {x ∈ R2 : |x| < R}

u||x|=R = A sinφ,

where A is a constant.

(a) Solve the equation using separation of variable method in polar coordinates.

(b) Solve the equation using the Green’s function method.

(c) Show that both maximum and minimum values of the solution can only occur at the boundary.

(d) Will solution exist if the boundary condition is given as

∂u

∂n

∣∣∣∣
|x|=R

= A sinφ+B,

where A and B are constants?





A3. Let f(z) be an entire function. Evaluate∫ 2π

0
f(z0 + reiθ)eikθdθ,

where k is an integer, r is a nonzero real number, and z0 is an arbitrary point on the complex plane.



A4. Let f(z) =
∑∞

n=0 anz
n converge for |z| < R. If 0 < r < R, show that

f(z) =
∞∑
n=0

anr
neinθ,

where z = reiθ and

an =
1

2πrn

∫ 2π

0
f(reiθ)e−inθdθ.

Also show that ∫ 2π

0
|f(reiθ)|2dθ = 2π

∞∑
n=0

|an|2r2n.



A5. Let A be the first quadrant; the x axis is maintained at T = 130 while the y axis is maintained at
T = 30. Find the temperate distribution in A.



B6. Consider the problem
min
x,y

f(x, y) = xy subject to x21 + y2 = 1.

a) Compute the Lagrange function L(x, y, λ) associated with this constrained minimization problem.

b) Describe the algorithm of Newton’s method for solving the nonlinear equation ∇L(x, y, λ) = 0 to
obtain the (x∗, y∗, λ∗).

c) Is (x∗, y∗, λ∗) a minimum, maximum, or saddle point of L? Why?



B7. Suppose you are given a general-purpose subroutine for solving initial value problems for systems of
first-order ODEs y′ = f(t,y), which supports integration using Euler’s method, backward Euler method,
trapezoid method, and Heun’s method.

a) Describe how you can use this software to solve the third-order initial value problem for ODE

u′′′ = u′′ + tu

with initial conditions u(0) = 0, u′(0) = 1, and u′′(0) = 0.

b) Among these methods, which one would you choose to get second-order accuracy and unconditional
stability? Write down the algebraic equation for one-step of the method with step size 0.1 to compute
the solution u at time t1 = 0.1.



B8. The modified Euler method is given by

un+1 = un + hf(tn +
h

2
, un +

h

2
f(tn,un)).

a) Show that the modified Euler method is second order accurate.

b) Consider the special case f(t, y) = λy with a real λ < 0. Find the maximum h such that the method
is stable. Note that h may depend on λ.



B9. Using discrete Fourier modes, analyze the dissipative properties of the Crank-Nicolson method for the
advection equation

un+1
k +

R

4

(
un+1
k+1 − u

n+1
k−1
)

= unk −
R

4

(
unk+1 − unk−1

)
, R =

a∆t

∆x
,

and find the dispersion relation.



B10.

(a) Formulate definitions of TVD methods and l1-contracting methods, and the relation between them.

(b) Prove that the Lax-Friedrichs method for a nonlinear scalar conservation law is TVD.


