
Qualifying Exam (May 2014): Operations Research

You have 4 hours to do this exam. Reminder: This exam is closed notes and closed books.

Do 2 out of problems 1,2,3.

Do 2 out of problems 4,5,6.

Do 3 out of problems 7,8,9,10,11,12,13,14.

All problems are weighted equally. On this cover page write which seven problems you want graded.

problems to be graded:

Academic integrity is expected of all students at all times, whether in the presence or absence of members
of the faculty. Understanding this, I declare that I shall not give, use, or receive unauthorized aid in this
examination.
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1). Consider an LP problem {min cx | Ax = b, x ≥ 0}.

(a). Is it possible that the optimal solution value of the big M problem is unbounded and the optimal solution
of the original problem is bounded? Explain. The big M problem is {min cx + 1Mxa | Ax + Ixa = b, x ≥
0, xa ≥ 0}.

(b). Suppose the LP has a finite optimal solution. Let d be an arbitrary vector (of the same dimension as
b). Show that if the problem {min cx | Ax = d, x ≥ 0} has a feasible solution, then it has a finite optimal
solution.

2). (a). Suppose that the starting BFS for the LP we are solving is degenerate. Must the next BFS also be
degenerate? If so give a short proof. If not, give an example tableau in which the first BFS is degenerate
but the second one is not.

(b). Suppose that the current BFS for the LP we are solving is degenerate. Is the value of the objective
(z) guaranteed to remain unchanged? If so give a short proof. If not, give an example tableau in which the
current BFS is degenerate but the z after the pivot strictly improves.

(c). Suppose we have a BFS that is nondegenerate. Further suppose that an improving nonbasic variable xk

enters the basis. Prove that if the minimum ratio test for choosing a leaving variable has a unique variable
achieving the minimum, xBr

, then the next BFS is also non-degenerate.

3). Consider the following minimum cost network flow problem: (bi < 0 is a supply.)

1

2

3

4

5

6

-6

2

8

5

-3

4

-2

7

2

3

5

0

3

3

(a). Use the arcs (1,2) (2,3) (4,2) (3,6) and (5,6) as your starting tree solution. Compute the xij for this
solution.

(b). Compute the fair prices (dual variables) wi, for the feasible tree solution of part (a), and show that the
feasible tree solution is optimal.

(c). Is the solution in parts (a) and (b) the unique optimal solution? Explain.

4). Roll a fair die repeatedly and independently. Let Xn be the sum of the first n outcomes (each outcome
is in the set {1, 2, 3, 4, 5, 6}). Use the discrete-time Markov chain theory to compute the long run probability
that Xn is divisible by 7, i.e., limn→∞ P (Xn is divisible by 7).

5). Let Sn be the time of the occurrence of the nth event in a Poisson process {N(t), t ≥ 0} with rate λ.
Compute E[SN(t)].

6). Consider a two-server queueing system where customers arrive according to a Poisson process with rate
2 customers/hour. The service times at server 1 are i.i.d. exponentially distributed with mean 1

5 hour,
whereas the service times at server 2 are i.i.d. exponentially distributed with mean 1 hour. Assume a FCFS
service discipline and that an arriving customer who finds the system empty is assigned to the fast server.
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(a) Find the limiting distribution of the number of customers in the system.

(b) Find the long run expected number of customers in the system.

(c) If the performance of the system is measured by the long run expected number of customers in the
system, do you think the slow server is needed at all?

7). Consider the randomized incremental method for solving a 2-variable linear program. (Assume the
objective function is to find the lowest (min-y) point in the intersection of the n halfplanes, {h1, . . . , hn}.)

(a). At certain stages of the algorithm, we are sometimes required to solve a one-dimensional LP. Draw
an example of a case in which the addition of the ith constraint (halfspace hi) requires the solution of a
one-dimensional LP; give also an example of a case in which the addition of hi does not require the solution
of a one-dimensional LP. How does the algorithm tell which case occurs? (i.e., what test is done on each
hi?)

(b). Describe briefly what a “one-dimensional LP” problem is, how it is defined in terms of the added
constraint hi, and how it is solved. What is the running time of the solution method? (in big-Oh notation)

(c). What is the probability that, during the solution of a 2-variable LP, we are required to solve a one-
dimensional LP upon insertion of halfplane (constraint) hi (the ith constraint inserted during the algorithm)?
Why? (give a brief justification)

(d). What is the expected running time of the algorithm (and why)?

8). Let P be a simple n-gon in the plane.

(a). How efficiently (in big-Oh) can one decompose P into convex polygons using diagonals of P? (You need
not give details of the algorithm.) Here, any decomposition is fine, as long as it uses diagonals and results
in convex polygons.

(b). Let χ(P ) denote the number of convex polygons in a partition of P (by diagonals) into the fewest
possible convex polygons. Give a (generic) example of an n-gon P for which χ(P ) ≥ n − 5. (By “generic”,
we mean that it should be clear that your class of examples generalizes to large values of n.) For your family
of examples, what is the value of χ(P ), as a function of n?

(c). Describe briefly an algorithm to compute χ(P ) approximately. State what the high-level steps are of
the algorithm (you need not give details of the steps), give the algorithm’s efficiency (in big-Oh), and state
what the approximation factor is (and sketch why it is what you claim).

9). Is a stationary policy average optimal if and only if it satisfies the average optimality (also called
canonical) equations? Justify your answer.

10). Consider an MDP with a finite state set X and a finite action set A satisfying the General Convergence
Condition. Let v be the infinite-horizon value function and let vn be the finite-horizon value function. Is it
true that v(x) = limn→∞vn(x) for all x ∈ X? Explain your answer.

11). Given a directed graph G = (N,A) with non-negative lengths on the arcs cij and two specified nodes
s, t ∈ N . A vital arc is an arc whose removal from the graph causes the length of the shortest path from s
to t to increase. A most vital arc is a vital arc whose removal results in the largest increase in the shortest
path length from s to t. For each of the following parts prove or give a counterexample.

(a). A most vital arc is an arc with maximum value of cij .

(b). A most vital arc is an arc with maximum value of cij on some shortest path from s to t.

(c). An arc that does not belong to any shortest path from s to t cannot be a most vital arc.
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(d). A graph might contain several most vital arcs.

12). Consider a directed graph G = (V,A) s, t ∈ V , with arc capacities uij that are integral or infinite.

(a). Prove that v, the max flow from s to t, is finite if and only if there is no directed path from s to t
containing only arcs of infinite capacity.

(b). Now suppose that there are no infinite capacity paths from s to t. Let A0 be the set of arcs with finite
capacity, and let M =

∑
(i,j)∈A0 uij . Show that replacing the capacity of each infinite capacity arc by M

does not change the value of the max flow v.

13). Suppose the time it takes to process a job on a certain machine has an average of 4 minutes and
standard deviation of 3 minutes. We want to model the processing time using an input distribution with the
density function

f(t) = pλe−λt + (1− p)λ2te−λt.

Find the parameters p and λ so that this distribution matches the mean and standard deviation of the
processing times on the machine.

14). Let X and Y be two random variables with respective cumulative distribution functions F (x) and H(y).
Suppose we have generated n independent random variates X1, . . . , Xn from F (x) and n independent random
variates Y1, . . . , Yn from H(y). Give an estimator (based on X1, . . . , Xn and Y1, . . . , Yn) for estimating the
probability P (X < Y ).
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