
Quantitative Finance Area Exam

Stony Brook University
Applied Mathematics and Statistics

May 28, 2014

INSTRUCTIONS

You have 4 hours to do this exam.

Reminder: This exam is closed notes and closed books. No electronic devices are permitted.
Computers, cell phones, tablets must all be turned off and put away for the duration of the
exam. All problems are weighted equally.

PART 1: Do 2 out of problems 1, 2, 3.

PART 2: Do 2 out of problems 4, 5, 6.

PART 3: Do 2 out of problems 7, 8, 9.

PART 4: Do 2 out of problems 10, 11, 12.

For each problem an extra page is provided which you may use for scratch work or to continue
your solution. On this cover page write which eight problems you want graded.

Problems to be graded:

Academic integrity is expected of all students at all times,

whether in the presence or absence of members of the faculty.

Understanding this, I declare that I shall not give, use,

or receive unauthorized aid in this examination.

Name (PRINT CLEARLY), ID number:

Signature:



Problem 1 Foreign Exchange Arbitrage

The interest rate in the UK is 4% and in the US is 6%, compounded continuously. The spot
price (also called the exchange rate) of the UK pound is $1.60 and the forward price for the
UK pound deliverable in 12-months is $2.00.

(a) Does an arbitrage opportunity exist? Show clearly why one is or is not available.

(b) If there is such an opportunity, describe the trade and show what the risk-free profit
would be.

To assist in computations, values of er for various values of r are provided below.

r er

0.000 1.000
0.010 1.010
0.020 1.020
0.030 1.030
0.040 1.041
0.050 1.051
0.060 1.062
0.070 1.073
0.080 1.083
0.090 1.094
0.100 1.105
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Problem 2 Market Portfolio

Consider the following simple quadratic program representing the portfolios on the Capital
Market Line (CML) and its solution to proportionality. The parameters µµµ and ΣΣΣ, are the
returns’ mean vector and covariance matrix, respectively, and rf is the risk-free rate. The
value of λ ≥ 0 parameterizes the CML

min

{
1

2
xxxT ΣΣΣ xxx− λ(µµµ− rf111)T xxx

}
.

Assume the Capital Asset Pricing Model (CAPM), i.e., at time t for an asset i with return
ri(t), market M with return rM(t), and risk-free rate rf , and mean-zero uncorrelated error
terms εi(t), the following expression holds

ri(t)− rf = βi (rM(t)− rf ) + εi(t).

Further assume that the covariance matrix is invertible. Show that the value of xi, the
allocation of asset i in the market portfolio, is proportional to

xi ∝
βi

Var [εi]
.
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Problem 3 Chooser European Option

A standard chooser European option is one in which the option holder, at some point prior
to the expiry of the option, has the right to decide if the option is a vanilla European put or
a call. We assume that the strike price K and expiry T are the same for both the put and
call. The current time is t and the time the choice must be made is τ with 0 ≤ t ≤ τ ≤ T .
Write the expression for the price of the chooser F (t) in terms of vanilla European options
and, if necessary, any discounted cash-flows.
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Problem 4

(a) Consider the following mean variance problem with only risky assets:

min xTVx,
s.t. µTx = r̄,

1Tx = 1.

We know that for this problem the 2-fund theorem applies. Suppose the number of assets
n = 4, the optimal portfolio for r̄ = 0 is φ0 = (1, 1, 1,−2)T , and the optimal portfolio for
r̄ = 1 is φ1 = (1, 2,−1,−1)T . What is the optimal portfolio for r̄ = 2?

(b) Draw a picture of the efficient frontiers with/without the risk-free asset in the same
risk-return plane. In the picture, you need to mark (1) the risk-free return rate, (2) the
market portfolio and (3) explain what’s the Sharpe ratio of the market portfolio.

(c) List the name and definition of 3 different measures for the performance of portfolio
managers.
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Problem 5 Utility Maximization

Consider a market with n risky assets. Let r̃i denote the random return on asset i. Suppose
the vector of random returns r̃ ∼ N (µ,V). The market has a risk-free asset with rate of
return rf . Consider the following utility maximization problem:

max µTx+ rfx0 − λ
2
xTVx,

s.t. 1Tx+ x0 = 1.

(a) Write an expression for the optimal x∗ – you need to compute both the optimal position
in the risky assets and the position in the risk-free asset.

(b) Solve for the optimal solution when

n = 2, λ = 100, V =

[
0.2 −0.1
−0.1 0.2

]
, µ =

[
3
5

]
, rf = 1

(c) Consider the following related problem. Let y denote our current position in the risky
assets. Suppose we are charged a transaction cost of γ per dollar of risky asset bought or
sold. Then the portfolio selection reduces to

max µTx+ rfx0 − γ
∑n

i=1 |xi − yi| −
λ
2
xTVx,

s.t. 1Tx+ x0 = 1.

Reformulate this problem into a standard quadratic programming problem, i.e. it should of
the form

min fTx+ 1
2
xTHx,

s.t. Ax ≤ b
Aeqx = beq
l ≤ x ≤ u

Identify H, f , Aeq, beq, A and b.
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Problem 6 Black-Litterman Model
Suppose there are n risky assets and one risk-free asset with rf = 0.065 in the market. You
analyze the market data using the CAPM model:

ri − rf = βi(rm − rf ) + εi.

Now let’s focus only on n = 2 assets and suppose your data analysis results are as following

µ̂m = 1, σm = 1, β1 = 0.5, β2 = −0.1, r1 = 0.3, r2 = 0.4,

where r1 and r2 are the standard deviation of the regression residuals.

(a) Using the data analysis results compute the mean excess return µ̂ and the covariance
matrix V for the two assets.

(b) Suppose your private information suggest that in the next period, Asset 1 will likely out-
perform Asset 2 by 20% and underperform the current market portfolio by 60%. Formulate
this private information into investor’s views as defined in the Black-Litterman model.

(c) Given that the variance of your private information is 0.1 and your confidence parameter
in the CAPM model is τ = 0.01, what is your best estimate on the expected excess return
of the two assets in the next period?

(d) Based on your new estimate on the excess return of the two assets, solve the following
portfolio selection problem with 3 assets (Asset 1, 2 and the risk-free asset):

max µTblx− λ
2
xTV x

s.t. xT1 = 1

Compute the Sharpe ratio of the optimal portfolio.
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Problem 7

Consider the probability space (Ω3,F3,P) where the outcome space Ω3 is all sequences of
three coin tosses, the σ-algebra F3 contains all subsets of Ω3, and the probability measure
P is generated by a fair coin. Let Y be a random walk with: Y0 = 1, Yn = Yn−1 + Xn, for
n = 1, 2, 3, where Xn = 1 if the nth toss is H, and Xn = −1 if it is T . Model the value Vn
of a share of stock by

Vn =

{
Yn if Ym ≥ 0 for 0 ≤ m ≤ n
0 otherwise.

(a) What are the elements of the σ-algebra σ(Y2)?

(b) Compute the generalized conditional expectation E(V3|σ(Y2)).
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Problem 8

Let W (t) be driftless Brownian motion, with W (0) = 0, and let τm be the hitting time for
level m ∈ R. Prove that

P
(
τm ≤ t

)
=

2√
2π

∫ ∞
|m|/
√
t

e−
x2

2 dx.
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Problem 9 Shifted Lognormal SDE

The stochastic differential equation

dS(t) = β
(
S(t)− γ

)
dW (t), S(0) = S0,

where S0, β, and γ are constants, and W (t) is Brownian motion, can be used to interpolate
between normal and lognormal processes. Derive the solution S(t).
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Problem 10

Consider a portfolio of investments P . Suppose that the loss distribution is normal with
mean µ = 0 and a given, not known, σ > 0. Suppose the portfolio’s VaRs at 90, 95, 99
confidence levels are L90, L95, L99.

(a) Place L90, L95, L99 in order of magnitude.

(b) Suppose you only know L90. Can you determine the probability P(L > W ) that losses
L will not exceed a given threshold W? If yes, write down the expression for P(L > W ).
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Problem 11

Consider a probability space (Ω,F ,P). The time to default of a firm is a random time τ
with hazard rate function

γ(t) =
ατα−1

βα
, τ > 0.

(a) Prove that the cumulative distribution function of τ , F (t) = P(τ ≤ t), is a Weibull

distribution: exp

(
−
(
τ
β

)α−1)
.

(b) Assume α = 2, β = 1 and compute the expectation E(τ).
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Problem 12

In the Merton model, default occurs at time T if the value of the firm at time T falls below
the value of the firm’s debt B at time T . The Merton model assumes debt is a single zero-
coupon bond maturing at time T . The firm’s value is assumed to follow a geometric Brownian
motion, starting at V0, with parameters µ, σ. Therefore, lnVT is normally distributed as

N

(
ln(V0) +

(
µ− 1

2
σ2

)
T, σ2T

)
.

Determine the family of functions µ = f(σ|B, T, V0) for which the probability of default of
the firm assumes a constant value.
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