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A1.

• Find the adjoint operator of the following

(a). ∂
∂t + a(x) ∂

∂x ,

(b). ∂2

∂t2
− c2 ∂2

∂x2 ,

(c). ∂2

∂x2 + ∂2

∂y2
,

(d). ∂
∂t − ν(t) ∂2

∂x2 .

• Find the weak derivative of function

f(x) =


0 if x < 0
x if 0 ≤ x < 1
1 if 1 ≤ x < 2
2 if x ≥ 2



A2. The traffic flow follows the conservation law

ρt +Q(ρ)x = 0, where Q(ρ) = 0.1ρ(ρj − ρ)

is the flux of car, ρ is the car density per unit distance along the highway. Greenberg observed that for traffic
flow at the Lincoln Tunnel, ρj = 228vpm (vehicle per mile).

• What is the Rakine-Hugoniot condition for shock propagation in traffic flow.

• Analyze the characteristics of the equation with the following initial condition

ρ(x, 0) =


50 if x < 0
100 if 0 ≤ x < 10
20 if x ≥ 10

• Which direction the shock is facing (forward or backward)?

• With the above initial condition, find the solution at t = 0.1.



A3. For Laplace equation ∆u = 0 in the two dimensional circular disk |x| < R with the boundary
condition (φ is the polar angle)

u||x|=R = A+B sinφ.

(a). Using the separation of variable method.

(b). Express the solution as an integral using Green’s function method.



A4. Let C be a simple closed curve, and let f be meromorphic on C and in its interior. Assume that f has
no zero or pole on C. Prove that∫

C

f ′

f
= 2πi (number of zeroes - number of poles inside C, counting their multiplicity).



A5. Using ides from holomorphic function theory, find an expression that solves the following Poisson
problem

∆φ(x, y) = 0, (x, y) ∈ (−∞,∞)× (0,∞),

φ(x, 0) = u0, x ∈ (−∞, x0),
φ(x, 0) = uk+1, x ∈ (xk, xk+1), k = 1, . . . n− 1,

φ(x, 0) = un+1, x ∈ (xn,∞).

(Show that both the PDE and boundary conditions are satisfied).



B6. Consider a scalar nonlinear equation f(x) = 0.

a) Describe Newton’s method for solving the equation.

b) Show that Newton’s method converges locally in a neighborhood about a root f(x∗) = 0.

c) Show that the convergence rate is second order if f ′(x∗) 6= 0. What if f ′(x∗) = 0?



B7. Consider a function f(t) sampled at n equidistance points over [−1, 1], where −1 = t1 < t2 < · · · <
tn−1 < tn = 1. Let h = 2/(n− 1).

a) Suppose f(t) is smooth over [−1, 1]. Design a numerical technique to integrate f(t) over [−1, 1] to
at least third order accuracy in h.

b) Consider f(t) = |t|et. Would the technique for smooth functions above converge for this function?
If yes, give your justification. If no, propose a modification to the technique so that it would converge
as h tends to 0.



B8. Consider the initial value problem

y′ = f(t, y), y(0) = y0.

a) Derive the trapezoid method by averaging the Euler and backward Euler methods.

b) Show that the trapezoid method is second order accurate.

c) Show that the trapezoid method is unconditionally stable.



B9. Consider the following finite difference scheme that discretizes an IBVP for a heat equation

un+1
k = runk−1 + (1− 2r)unk + runk+1, k = 1, . . . ,M − 1, r = ν∆t/∆x,

un0 = un1 , u
n
M = 0, u0k = f(k∆x).

Perform a "generalized" discrete von-Neumann stability analysis using the following discrete basis functions

unk = ξn exp

(
i(2j − 1)(2k − 1)π

2(2M − 1)

)
.

What are advantages of using this approach to the given problem compared to the standard discrete von-
Neumann stability method? Prove your accretions.



B10. Show that the Godunov method for a hyperbolic system of linear 1st order PDE’s is equivalent to the
upwind method.


