
Qualifying Exam (May 2015): Operations Research

You have 4 hours to do this exam. Reminder: This exam is closed notes and closed books.

Do 2 out of problems 1,2,3.

Do 2 out of problems 4,5,6.

Do 3 out of problems 7,8,9,10,11,12.

All problems are weighted equally. On this cover page write which seven problems you want graded.
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examination.
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1). (a). Suppose an LP max{z = ctx | Ax = b, x ≥ 0}, with a bounded feasible region, has l optimal
extreme points v1, . . . , vl. Prove that a feasible point is optimal to the LP if and only if it can be expressed
as a convex combination of v1, . . . , vl.

(b). Is the same true for an LP with an unbounded feasible region? In other words, is a feasible point
optimal if and only if it can be expressed as a convex combination of the optimal extreme points v1, . . . , vl?
Prove or give a counterexample.

(c). Let {d1, d2, . . . dl} be directions of unboundedness for the constraints Ax = b, x ≥ 0. Prove that

d =
∑l

i=1 αidi with αi ≥ 0 is also a direction of unboundedness for these constraints. (This part is not
related to parts (a),(b) of the problem.)

2). Consider the following two LPs: (P1) max{ctx | Ax ≤ b}, and (P2) min{ctx | Ax ≥ b}.

(a). Write the duals of the two problems.

(b). Suppose both (P1) and (P2) are feasible. Prove that if one of them has a finite optimal solution then
so does the other.

(c). Suppose both (P1) and (P2) are feasible. Prove that if one of them has an unbounded objective function
then so does the other.

(d). Suppose that both (P1) and (P2) have finite optimal solutions. Let x1 be a feasible point to (P1) and
x2 be a feasible point to (P2). Prove that ctx1 ≤ ctx2.

3). Consider a transshipment problem with upper bounds: min{
∑

i

∑
j cijxij |

∑
j xji −

∑
j xij = bi, 0 ≤

xij ≤ uij}, where bi and uij are integers for all i, j. We proved in class that if an optimal solution exists,
then there exists an optimal solution in which all variables are integers. In each of the following parts,
we modify the transshipment problem, and wish to know if an optimal solution exists then there exists an
optimal solution that is integral. Prove or give a counterexample. Each of the following parts is independent
of the others:

(a). We want to add a constraint for a node v, that says at most d(v) units can be shipped through it.

(b). Suppose one of the edges (k, l) is undirected, meaning that we can send flow in either (or both) direction.

(c). Suppose the cost function for edge (p, q) is piecewise linear and convex as follows: The first 50 units of
flow cost 15$ each, the next 100 units cost 20$ each and any unit over the first 150 will cost 30$ each.

(d). We want to add a constraint
∑

i

∑
j xij ≤ D, where D is integer.

4). A transition matrix P of a DTMC is called doubly stochastic if the sum of each of its columns equals
1, i.e.,

∑
i∈S pi,j = 1 for all j ∈ S, where S is the state space. Let {Xn, n ≥ 0} be a DTMC with a doubly

stochastic transition matrix P and a finite state space S. Show that all states in S are positive recurrent

(Hint: first show that the n-step transition matrix P (n) := [p
(n)
i,j ] is also doubly stochastic).

5). Consider a renewal process {N(t), t ≥ 0} with i.i.d. non-negative interarrival times X1, X2, . . .. Let Si

be the time of the ith arrival. Also define µ = E[Xi] (assume µ > 0) and m(t) = E[N(t)]. Find E[SN(t)+k]
(in terms of µ and m(t)) for k ≥ 2.

6). Consider an M/M/1 queue with arrival rate λ customers/hr and service rate µ customers/hr, where
λ < µ. A period during which there are L or more customers in system is called crowded, where L ≥ 1 is
a given integer. (1) Find the (steady state) probability there is a crowded period; (2) Find the (long run)
expected number of crowded periods during a t-hour period; (3) What is the expected length of a crowded
period?

7). Let S be a set of n line segments in the plane. A line ℓ that intersects all segments of S is called a
stabber for S.
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(a). How efficiently (in big-Oh) can one decide if a stabber exists for S? Explain briefly.

(b). Now assume that all segments are vertical. How efficiently (in big-Oh) can one decide if a stabber
exists? Explain briefly.

(c). Now suppose we want to preprocess a set S of n line segments in the plane so that when you are given
a query line ℓ you can quickly report how many segments of S the line ℓ intersects. Give the preprocessing
time, the storage space (for the data structure) and the query time (in big-Oh), and explain briefly.

(d). Suppose in part (c) that we are told that ℓ will definitely be of slope 1 or -1 or 2 or -2. What preprocessing
time, space, and query time can now be achieved?

(e). In the arrangement of the n segments S, what is the worst-case complexity (in big-Oh) of a single 2-face
(connected, 2-dimensional cell) in the arrangement?

8). Let P be a simple n-gon in the plane.

(a). Suppose G is a minimal guard set within P : G is a set of points gi ∈ P so that every point of P is
seen by at least one point of G (i.e., G is a valid guard cover of P ), and the set G is minimal, meaning that
deletion of any one point from G will cause G to stop being a valid guard cover of P ). Give an example
showing that G can have at least 5 times as many points as has a minimum guard cover G∗ (a set of points
that is a valid guard cover of P and has the fewest points of any guard cover of P ).

(b). How efficiently can one compute a set G of at most n/2 points within P so that G is a valid guard cover
of P?

(c). The following algorithm has been proposed to compute a set G of at most n/2 points within P (in fact,
vertices of P ) so that G is a valid guard cover of P : Walk through the vertices of P , classifying each as
“convex” or “reflex”; let C be the set of convex vertices and let R be the set of reflex vertices; we know that
at least one of the sets R or C has at most n/2 points – place guards at these points. (You may assume that
the vertices of P are in general position – no three are collinear.)

(i). How efficient is this algorithm? (in big-Oh)

(ii). Does the algorithm work (to give a valid guard set of at most n/2 guards)? If yes, explain briefly why;
if no, give a counterexample.

9). For a given function g : ℜ → ℜ, consider estimating the probability p = P (g(X) > c) via Monte Carlo
simulation, where X is a random variable with density function f(x) and c is a constant. Let h(x) be a
density function that is absolutely continuous with respect to f(x), i.e., f(x) = 0 whenever h(x) = 0. Let
X1, X2, . . . , Xn be i.i.d. random variables with density function h(x), and define

p̂ =
1

n

n∑

i=1

I{g(Xi) > c}f(Xi)

h(Xi)
,

where I{·} is the indicator function.

(a) Show that p̂ is an unbiased estimator of p.

(b) Find the variance of the estimator p̂.

(c) Show that p̂ is strongly consistent.

(d) Discuss how the density function h should be chosen in order to improve simulation efficiency.

10). Let Y ∼ Bin(n, p) be a Binomial random variable with parameters n and p. For a given integer
0 ≤ k ≤ n, assume α = P (Y ≥ k) has been calculated. Provide two algorithms for generating random
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variates X from the following probability mass function:

P (X = i) = P (Y = i|Y ≥ k).

For each algorithm, discuss whether the efficiency of the algorithm depends on the value of α and for what
values of α (large or small) will the algorithm become inefficient.

11). Which of the following claims are true and which are false? Justify your answer by giving a short proof
or a counterexample:

(a) If all arcs in a network have different costs, the network has a unique shortest path tree.

(b). In a directed network with positive arc lengths, if we eliminate the direction on every arc (i.e., make it
undirected) the shortest path distances will not change.

(c). In a shortest path problem, if each arc length is increased by k units, the shortest path distances increase
by a multiple of k.

(d). In a shortest path problem, if each arc length is decreased by k units, the shortest path distances
decrease by a multiple of k.

(e). Among all shortest paths in a network, Dijkstra’s algorithm always finds a shortest path with the least
number of arcs.

12). Recall that a strongly connected directed graph is a graph in which a (directed) path exists from every
node i to every other node j.

(a). Prove that every strongly connected graph on n nodes has a strongly connected subgraph on all n nodes
containing at most 2(n− 1) arcs.

(b). strongly connected subgraph problem: Given a strongly connected directed graph G = (N,A)
and a bound K, is there a subset A′ ⊂ A with |A′| ≤ K such that G′ = (N,A′) is strongly connected. Show
that this problem is NP Complete.

(c). Describe an approximation algorithm for the problem in part (b). Your algorithm should run in
polynomial time and always produce a feasible answer with APX(G) arcs, such that APX(G)/OPT (G) ≤ 2
for every strongly connected directed graph G. (Make sure to prove that your algorithm is a factor 2
approximation!)

4


