
Qualifying Exam (May 2013): Operations Research

You have 4 hours to do this exam. Reminder: This exam is closed notes and closed books.

Do 2 out of problems 1,2,3.

Do 2 out of problems 4,5,6.

Do 3 out of problems 7,8,9,10,11,12,13,14.

All problems are weighted equally. On this cover page write which seven problems you want graded.

problems to be graded:

Academic integrity is expected of all students at all times, whether in the presence or absence of members
of the faculty. Understanding this, I declare that I shall not give, use, or receive unauthorized aid in this
examination.

Name (PRINT CLEARLY), ID number
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1). A convex cone C is defined to be a convex set with the additional property that for every x ∈ C and
λ ≥ 0, λx ∈ C.

(a). Prove that a convex cone C has at most one extreme point, x = 0.

(b). Prove that if C is a convex cone then for every x, y ∈ C, and for all λ ≥ 0 and µ ≥ 0, λx + µy ∈ C.

(c). Prove the converse of part (b), namely, if a set C satisfies that for every x, y ∈ C, and for all λ ≥ 0 and
µ ≥ 0, λx + µy ∈ C then C is a convex cone.

2). The following LP was solved (using the big M method) and the optimal tablaeu is given below. e1 and
e2 are the excess variables subtracted from the first and second constraints, and ai is the artificial variable
of the ith constraint.

max z = 4x1 + x2

s.t. 3x1 + x2 ≥ 6

2x1 + x2 ≥ 4

x1 + x2 = 3

x1, x2 ≥ 0

z x1 x2 e1 e2 a1 a2 a3 rhs
1 0 3 0 0 M M M + 4 12
0 1 1 0 0 0 0 1 3
0 0 2 1 0 -1 0 3 3
0 0 1 0 1 0 -1 2 2

(a). Find the dual of this LP and its optimal solution (the objective value and the value of the dual variables).
Use the tableau - do not solve from scratch!

(b). Find the range of values of the objective function coefficient for x1 for which the current basis remains
optimal.

(c). Find the range of values of b2 for which the current basis remains optimal.

(d). We wish to add to the LP the constraint x1 ≤ 2, for which the current optimal solution is not feasible.
Set up a tableau and use the dual Simplex method to find the new optimal solution.

3). An LP min{cx | Ax = b, x ≥ 0} is dual nondegenerate if for every basic solution, the cost coefficients,
zj − cj , for all non-basic variables are not equal to 0 (zj − cj 6= 0, for all non-basic variables xj).

(a). Is it possible for a basic variable that is nonnegative to become negative in the course of the dual simplex
method? Explain.

(b). Show that if the dual simplex method is applied to a dual nondegenerate LP, starting with a dual
feasible solution, the objective function value strictly increases in each pivot step.

(c). Using part (b), prove that the algorithm terminates in a finite number of pivots. (Do not just state that
the dual simplex method applied to the primal problem is equivalent to the usual simplex method applied
to the dual problem, and therefore the result is proven.)

4). Compute the matrix of limiting probabilities Π for a discrete-time Markov chain with the transition

2



matrix

P =





















0.6 0.4 0 0 0 0 0
0.1 0.3 0.1 0.15 0.05 0.1 0.2
0 0 0 0.5 0.5 0 0
0 0 0.2 0.3 0.5 0 0
0 0 0.8 0 0.2 0 0
0 0 0 0 0 0.6 0.4
0 0 0 0 0 0.4 0.6





















.

5). For an M/M/∞ queue with the arrival rate λ and service rates µ, find the expected number of customers
in the system at time t, if at time 0 there was exactly one customer in the system.

6). Customers arrive to a campus bookstore according to a Poisson process with the intensity 30 people per
hour. Ninety percent of the customers are students and another 10 percent are faculty and staff members.
All arrivals are independent. Find the variance of the number of customers who arrived during one hour of
operations, if during that hour 20 students arrived.

7). Let S be a given set of n axis-parallel rectangles in general position in the plane.

(a). How efficiently (in big-Oh notation) can one report all pairs of intersecting rectangles? State briefly
what method you are using and why it has the claimed time bound.

(b). Suppose now our goal is to compute very efficiently the depth, maxp∈ℜ2 depth(p), of the set S, where
depth(p) is the number of rectangles of S that contain p. (We are computing the overall “depth” of the set
S, not just the depth at any one point p.) Describe in some detail how a sweep algorithm can compute the
depth of S efficiently. (Hint: a segment tree may be useful.) What is the running time and what is the space
used (in big-Oh)?

8). (a). Our goal is to compute the convex hull of a set, S, of n points in the plane. We want to do this
incrementally, adding the points one by one, while maintaining the convex hull as we go. Describe in as
much detail as you can how to do this efficiently. (You may use worst-case analysis or average-case (for a
randomized incremental algorithm) – your choice!) What is the time complexity of the algorithm?

(b). What is the best (theoretical) time bound you know for the problem? (You may simply state it; there
is no need to prove anything for this part of the question.) Is it tight?

(c). What is the best time bound known for computing the convex hull of n points in ℜ3? In ℜd? (Again,
no proof and no algorithm is required here.)

9). Let (Xn)n≥1 be N(µn, σ2

n) normal random variables. Supposed that random variables Xn converge in
distribution to a random variable X. Show that the sequences µn and σ2

n have limits µ and σ2, and that X

is N(µ, σ2). (Hint: if Z is N(a, b2), its characteristic function is ϕZ(u) = eiua−u2b2/2).

10). Let X, Y be independent and suppose P (X − Y = a) = 1, where a is a constant. Show that both X

and Y are constant random variables.

11). Consider a directed graph with positive capacities uij , source node s, and sink node t. For each of the
following state whether it is true or false. If true, give a short proof. If false, give a counterexample.

(a). If xij is a maximum flow, either xij = 0 or xji = 0 for every arc (i, j) ∈ A.

(b). Any network always has a max flow in which either xij = 0 or xji = 0 for every arc (i, j) ∈ A.

(c). If all arcs have different capacities, the network has a unique minimum cut (S, S̄).
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(d). If we multiply all arc capacities by a positive number λ, the minimum cut (S, S̄) remains the same.

(e). If we add a positive number λ to all arc capacities, the minimum cut (S, S̄) remains the same.

12). For parts (a) and (b) consider an undirected graph G, and define G2 as the graph having the same set
of vertices as G, with two vertices having an edge between them in G2 if and only if they are joined by a
path of at most 2 edges in G.

(a). Give an example of a graph G that is connected, but G2 does NOT have a Hamilton cycle.

(b). Let P be a path on three or more nodes. Show that P 2 has a Hamilton cycle. (A path is a graph on n

nodes, with edges (i, i + 1) for i = 1, 2, ..., n − 1.)

For parts (c) and (d) consider a directed graph:

(c). A tournament is a directed graph obtained by directing the edges of a complete graph (in an arbitrary
way!). Show that every tournament has a Hamilton path.

(d). It is always possible to direct the edges of a non-complete graph such that the resulting directed graph
has no Hamilton path. Give an algorithm to obtain such a direction.

13). Let X and Y be two continuous random variables with joint density function f(x, y) = e−y for 0 ≤ x ≤ y

and f(x, y) = 0 otherwise. Given an algorithm for generating random variates from f(x, y).

14). Let Z ∼ N(0, 1) be a standard normal random variable. Using a majorizing function of the form
t(x) = ce−x (c is a constant), give an acceptance-rejection algorithm for generating random variates from
the distribution of |Z|. Describe how to obtain a random observation from Z based on a random realization
of |Z|.
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