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A1. For the nonhomogeneous wave eqation,

utt − c2uxx = f(x, t) (1)

with initial conditions

u(x, 0) = ut(x, 0) = 0, (2)

we can solve this problem using the Duhamel’s Principle: If U(x, t, s) solves
Utt − c2Uxx = 0

U(x, 0, s) = 0

Ut(x, 0, s) = f(x, s)

,

then

u(x, t) =

∫ t

0
U(x, t− s, s)ds (3)

is the solution to (1) and (2).

a) Prove the Duhamel’s Principle.

b) Solve the following initial value problem
utt − c2uxx = f(x, t)

u(x, 0) = g(x)

ut(x, 0) = h(x)

.



A2.

a) Let Ω be a unit disk in R2. Solve the following problem

∆u = 0 in Ω

u(x, y) = f(x, y) on ∂Ω,

where f(x, y) is a continuous function.

b) Solve the same elliptic equation as above with the following boundary condition

∂u(x, y)

∂n
= g(x, y) on ∂Ω,

where n is the unit normal pointing out of the boundary ∂Ω, and g(x, y) is a continuous function.



A3. Let f(z) and g(z) be analytic in a region A and let g′(z) 6= 0 for all z. Let g(z) be one-to-one and let
γ be a closed curve in A. Show that for all z 6∈ γ

f(z)I(γ; z) =
g′(z)

2πi

∫
γ

f(ζ)

g(ζ)− g(z)
dζ.



A4.

a) Is it possible to find a conformal map of the entire complex plane one-to-one onto the unit disk
{z
∣∣|z| ≤ 1}? Prove your answer.

b) Discuss the map f(z) = z + 1
z of the exterior of the unit disk {z

∣∣|z| ≥ 1}.



A5.

a) Suppose the Taylor series
∞∑
n=0

anz
n has the radius of convergenceR. What are the radii of convergence

of the following series:
∞∑
n=0

anz
2n,

∞∑
n=0

(an)2z2n?

b) Prove the following complex version of l’Hopital’s rule: let f(z) and g(z) be analytic, both having
zeroes of order k at z0 . Then f(z)/g(z) has a removable singularity and

lim
z→z0

f(z)

g(z)
=
f (k)(z)

g(k)(z)
.



B6. Suppose a smooth function f(t) is discretized over a nonuniform grid in one dimension with nodes
a = t0 < t1 < · · · < tn−1 < tn = b. Let hi = ti − ti−1 and hi+1 = ti+1 − t1, and in general hi+1 6= hi.

a) (3 points) Derive a second-order approximation to the first derivative f ′(t) at ti based on values of
f(ti−1), f(ti), and f(ti+1), where 1 ≤ i ≤ n. Here, the accuracy is measured with respect to the
maximum edge length.

b) (4 points) Derive an approximation to the second derivative f ′′(t) at ti based on values of f(ti−1),
f(ti), and f(ti+1), where 1 ≤ i ≤ n. Show that the approximation is first-order accurate in general.
Derive a general condition that |hi − hi+1| needs to satisfy for the approximation to be second order
accurate.

c) (3 points) Suppose f(t) is only given at ti, i = 0, 1, . . . , n. Describe a technique to integrate f(t)
over [a, b] to third (or higher) order accuracy in terms of the maximum edge length.



B7. Poisson equation and Fourier transform.

a) (4 points) Use the standard second-order centered-difference approximation to discretize the Poisson
equation in one-dimension with periodic boundary conditions:

u′′(t) = f(t), 0 ≤ t ≤ 1

u(0) = u(b).

Show the resulting linear system for a uniform grid with n intervals. What is the null space of the
resulting linear system?

b) (4 points) Show that each column of the Fourier matrix F n is an eigenvector of the coefficient matrix
A in the resulting linear system. Recall that {F n}jk = ωjkn for j = 0, 1, . . . , n − 1 and k =
0, 1, . . . , n− 1, where ωn = e−2πi/n.

c) (2 points) Suppose n is a power of 2. Describe how to one can utilize FFT to solve the singular linear
system from (a).



B8. Show that the modified Lax-Friedrichs scheme for the wave equation vt + avx = 0

un+1
j =

1

2
(unj+1 + unj−1)− λ

2(1 + λ2)
(unj+1 − unj−1)

where λ = a∆t
∆x is consistent with the PDE. What is the order of truncation error. Discuss the stability

condition of this scheme. Is this scheme convergent?



B9. If the wave equation vt + vx = 0 is solved via the Crank-Nicolson scheme

un+1
j = unj −

1

4
λ(δ0u

n+1
j + δ0u

n
j )

where λ = ∆t
∆x . Derive the dispersion relation between phase speed and frequency. Phase speed is vp = ω

k .
With ∆x = 0.01 and the CFL factor equals to 0.5, what is the difference of phase speeds between the two
sinusoidal waves u(x, t) = Aei(ωt−kx) whose frequencies are ω1 = 1 and ω2 = 2 respectively?



B10. The central difference scheme for Poisson’s equation ∆u = f in two dimension can be written in a
matrix form AU = b.

a) An iterative method is to let A = B − C and then iterate the equation through BUk+1 = CUk + b.
Find B and C for Jacobi and Gauss-Seidel method.

b) Under what condition the iteration in (a) will converge. Show details of your proof.

c) Show that the Gauss-Seidel method converges twice as fast as the Jacobi method.


