
AMS Common Exam - Part A, May 2012

Name: ID Num.
Part A: / 75
Part B: / 75 Total: / 150

This component of the exam (Part A) consists of two sections (Linear Algebra and Advanced
Calculus) with four problems in each. Each question is worth 25 points; choose THREE questions
to answer from EACH section. Each problem should be solvable in approximately 20 minutes or
less. Provide your answer in the space provided, and show all work. If extra sheets are used, place
them inside the booklet and note on the cover page how many additional pages are included.

Good Luck!



Section 1: Linear Algebra

Choose three of the four problems to solve.

1. Consider two bases, S and T , of R3:

S = {(1, 1, 1), (1, 1, 0), (1, 0, 0)}

T = {(0, 0, 1), (1, 1, 0), (1,−1, 0)}

(a) Find the change-of-basis matrix from S to T . Explain how this matrix can be used to
convert the coordinate vector relative to S to the coordinate vector relative to T for any
vector in R3.

(b) What is the matrix representation of the following linear transformation, G : R3 → R3,
relative to S.

G(x, y, z) = (2y + 3z, x− 3y + z,−x+ 2z)

(c) Explain how you can use the results of (a) and (b) to find the matrix representation of
G relative to T . Find all matrices needed, and compute the final matrix representation.



2. Consider the operation on two quadratic polynomials, p(t) = a0 + a1t + a2t
2 and q(t) =

b0 + b1t+ b2t
2 defined by:

f (p(t), q(t)) = a0b0 + 2a1b1 + 3a2b2

(a) Prove that f (p(t), q(t)) is an inner product.

(b) Find a general expression for ||p(t)|| and Proj(q(t), p(t)), using this inner product.

(c) What is the matrix representation of this inner product, relative to the usual basis of
P2(t)?



3. Consider the scalar transformation on Rn, ∀n ∈ N, defined by:

F (~x) = k~x, k ∈ R

(a) Prove that all matrix representations of F , relative to any basis of Rn, are identical, and
find this representation.

(b) Under conditions will F have a well-defined inverse?



4. Consider an arbitrary square matrix A ∈ Rn×n.

(a) Explain the meaning of Am when: (i) m ∈ N (the set of natural numbers); (ii) m = 0;
and (iii) m ∈ Z (the set of integers). Be sure to specify necessary and sufficient conditions
for the expression to be well-defined.

(b) Discuss the meaning of A1/p, ∀p ∈ Z, and of Ap/q, ∀p, q ∈ Z. Again, be sure to explain
the conditions for which this expression will be well-defined.

(c) Can the expressions Aπ, eA and cos(A) be defined? Explain your answer in detail,
including any conditions that A must satisfy.

(d) Explain how sin(M) may be computed efficiently for any real, symmetric matrix, M.



Section 2: Advanced Calculus

Choose three of the four problems to solve.

1. Consider the unnormalized three-variable Gaussian function defined by:

N(x, y, z) = e
−
(

x2

a2
+ y2

b2
+ z2

c2

)

(a) Find the hypervolume lying between this surface and the x-y-z hyperplane, over the
entire domain of R3; that is, the volume in R4 defined by:

w ∈ [0, N(x, y, z)], x ∈ (−∞,+∞), y ∈ (−∞,+∞), z ∈ (−∞,+∞).

(b) Explain how the result of (a) can be used to define a normalized surface, for which the
integrated volume over all space is unity.



2. Find a general expression for the shortest distance from the point in R3 (α, β, γ) to the plane:

ax+ by + cz + d = 0

where α, β, γ, a, b, c and d are arbitrary real constants. Be sure to clear explain the logic of
your solution; a poorly explained, but nominally correct, solution will not receive full points.



3. Consider the function of a single real variable:

F (x) =

∫
xn cos(x)dx

(a) Find a general expression for F (x) where n is any non-negative integer.

(b) If possible, extend this result to the case where n is a negative integer; if it is not possible
to do this, explain why not.



4. Given that limx→0
ex−1
x

= 1, show that each of the following equivalencies hold true:

(a) limx→0
e−(ax)−e−(bx)

x
= b− a

(b) limx→0
ax−bx
x

= ln a
b
, where a, b > 0

(c) limx→0
tanh (ax)

x
= a, where tanh(u) = eu−e−u

eu+e−u


