
MATHEMATICAL STATISTICS QUALIFYING EXAM
Spring 2009

NAME: ID:

Instruction: Work four of the following six problems. You may not use notes or any other assis-
tance.

The four problems you have attempted:



1. (X0,X1,X2) is multinomial
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where −1 < α < 1.

(a) Find the maximum likelihood estimator of α.

(b) Find the likelihood ratio statistic for testing H0 : α = 0 against H1 : α 6= 0.

(c) Use the central limit theorem to show that when H0 is true, −2 log (likelihood ratio
statistic) is asymptotically distributed as χ2 with 1 degree of freedom as n = X0 + X1 +
X2 → ∞.



2. A ball is drawn from an urn. It is red with probability p and black with probability q = 1− p.
You do not see the ball, but two witnesses do. Each one independently tosses a coin that
comes up heads with probability 1 − θ and tails with probability θ. The value of θ belongs
to the interval (0, 1/2), but is otherwise unknown. You do not see the coin toss. Each person
tells you the actual color of the ball if his coin comes up heads, but tells you the opposite color
if his coin comes up tails. This experiment is repeated n times with the ball being replaced in
the urn each time.

(a) How would you test the hypothesis that p = 1/2?

(b) Describe precisely the rejection region of the test.

(c) For a significance level of 0.01, can you choose a sample size n sufficiently large to achieve
power 0.9 against the alternative p = 0.7? Explain.



3. Let X1, . . . ,Xn be iid Bernoulli(p), and Y =
∑n

i=1
Xi. Assume the prior distribution on p is

distributed as beta with density

h(p) =
Γ(α + β)

Γ(α)Γ(β)
pα−1(1 − p)β−1, α > 0, β > 0.

(a) Find the Bayes estimator of p under the squared error loss.

(b) Find the MSE of the Bayes estimator obtained in (a).



4. Suppose that X1, . . . ,Xn are iid Poisson(θ). Consider unbiased estimation of θ2e−2θ.

(a) Construct an unbiased estimator U(X1,X2) based on X1 and X2.

(b) Apply the Rao-Blackwell technique to U to obtain the UMVUE.

(c) Derive a lower bound for the variance of any unbiased estimator.



5. Let random variables Y1, . . . , Yn satisfy

Yi = βXi + ǫi, i = 1, . . . n,

where X1, . . . ,Xn are independent N(µ, τ2) random variables, ǫ1, . . . , ǫn are iid N(0, σ2), and
the Xs and ǫs are independent. In terms of µ, τ2 and σ2, find approximate mean and variance
for

∑n
i=1

Yi/
∑n

i=1
Xi.



6. The random variable X has pdf f(x) = e−x, x > 0. One observation is obtained on the
random variable Y = Xθ, and a test of H0: θ = 1 versus H1: θ = 2 needs to be constructed.

(a) Find the UMP level α test.

(b) Derive the Type II error probability.


