
Qualifying Exam (June 2007): Operations Research

You have 4 hours to do this exam. Reminder: This exam is closed notes and closed books.

Do 2 out of problems 1,2,3.

Do 2 out of problems 4,5,6.

Do 3 out of problems 7,8,9,10,11,12,13,14,15,16.

All problems are weighted equally. On this cover page write which seven problems you want graded.

problems to be graded:

Academic integrity is expected of all students at all times, whether in the presence or absence of members
of the faculty. Understanding this, I declare that I shall not give, use, or receive unauthorized aid in this
examination.

Name (PRINT CLEARLY), ID number

Signature



1). A company manufactures three types of steel at 3 plants. It takes 20 minutes to manufacture 1 ton of
steel at plant 1, 16 minutes at plant 2, and 15 minutes at plant 3 (regardless of the type of steel made).
Each plant is open 40 hours a week, and each week 100 tons of each type of steel must be produced. The
production costs of a ton of steel at each of the 3 plants is given below.

Steel 1 Steel 2 Steel 3
Plant 1 $60 $40 $28
Plant 2 $50 $30 $30
Plant 3 $43 $20 $20

(a). Formulate a Balanced Transportation problem to minimize the cost of meeting the weekly demand
requirements. Represent your formulation as a transportation tableau (cost and requirement table).

(b). As we know, the Balanced Transportation problem is a special case of a Transshipment problem. Find
a feasible tree solution for the Transshipment problem of part (a).

(c). Suppose the time required to produce 1 ton of steel depends on the type of steel as well as on the plant
(see table below). Could a Balanced Transportation problem still be formulated? If so, give the cost and
requirement table. If not, explain why, and give a formulation as an LP.

Time (in minutes)
Steel 1 Steel 2 Steel 3

Plant 1 15 12 15
Plant 2 15 15 20
Plant 3 10 10 15

2). Consider two nonempty polyhedra P = {x | Ax ≤ b} and Q = {x | Dx ≤ d}. We wish to decide if the
intersection of these two polyhedra is nonempty (i.e., we want to know whether P ∩Q 6= ∅.)
(a). State an LP such that if P ∩ Q 6= ∅ the optimal solution to your LP is in the intersection, and if the
intersection is empty, then the LP is infeasible.

(b). State the dual of the LP you gave in part (a).

(c). Suppose that the intersection is empty. Show that there exists a vector c such that cx < cx′ for all
x ∈ P and all x′ ∈ Q. Hint: use the dual.

3). Consider the set of constraints to a Linear Programming problem: P = {Ax ≥ b, x ≥ 0}
(a). Describe a method to detect whether there is a point x′ ∈ P feasible to the constraints, in which the
i-th constraint is strict, i.e., Aix

′ > bi (Ai is the i-th row of A). Hint: Define an appropriate LP.

(b). Describe a method to find a feasible point x ∈ P maximizing the number of constraints of Ax ≥ b that
are satisfied strictly.

4). Let Xn be an irreducible Markov chain on the state space {1, . . . , N}. Show that there exists C < ∞
and ρ < 1 such that for any states i, j and for any n = 1, 2, . . .

P{Xm 6= j, m = 0, . . . , n|X0 = i} ≤ Cρn.

5). Consider an M/M/1/loss (i.e., if an arrival sees a busy server, the arrival is lost) queue with the arrival
intensity λ and the service intensity µ. At time 0 this queueing system is empty. Find the probability that
the queue is empty at time t.
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6). Consider an M/G/1 queueing system with a server that can be turned on and off. The arrival process
intensity is λ and the expected service time is µ. At time 0 the queueing system is empty and the sever is off.
The server remains off as long as the number of customers in the system is less then N , where N = 1, 2, . . .
is a given number. The server is turned on when the number of customers in the system becomes equal to
N . It remains on as long as the system is not empty. The server is turned off when the system becomes
empty. Find the probability that an arrival sees an empty system.

7). Let
S := {x ∈ Zn : Ax ≤ b}

be a nonempty set, where A ∈ Rm×n, b ∈ Rm, and Zn denotes the set of all n-dimensional vectors with
integer coordinates. Recall that an inequality aT x ≤ α, where a ∈ Rn and α ∈ R is a valid inequality for S
if aT x̃ ≤ α for all x̃ ∈ S.

(a) Suppose that there exists ỹ ∈ Rm such that

AT ỹ = a, ỹ ≥ 0, bT ỹ ≤ α.

Prove that aT x ≤ α is then a valid inequality for S.

(b) Let
S := {x ∈ Z5 : 3x1 − 4x2 + 2x3 − 3x4 + x5 ≤ −2, 0 ≤ xi ≤ 1, i = 1, . . . , 5}.

Prove that x2 + x4 ≥ 1 and x1 ≤ x2 are both valid inequalities for S.

8). Consider the generic optimization problem (P) given by

(P) min f(x) s.t. g(x) ≤ 0, h(x) = 0,

where f : Rn → R, g : Rn → Rm, and h : Rn → Rp are all C1 functions. Let x̄ ∈ Rn be a local minimizer of
(P) at which constraint qualification (CQ) holds.

(a) Let

D := {(τ, u, v) ∈ R× Rm × Rp : (τ, u, v) 6= (0, 0, 0), ∇f(x̄)τ +∇g(x̄)u +∇h(x̄)v = 0,

τ ≥ 0, u ≥ 0, uT g(x̄) = 0}.

Prove that D is a nonempty set. Prove that D ∪ {0, 0, 0} is a convex set.

(b) Prove that D is an unbounded set (i.e., there exists no ball B with a finite radius centered at the origin
enclosing the set D).

9). Five independent replications are made of a two-server queuing system starting with an empty system.
Each replication simulates the first 10 hours of the system’s operation. Two performance metrics are collected
from each replication: the mean number in queue, and the mean time spent by a customer in the system.

Replication Mean Number in Queue Mean Time in System (minutes)
1 3.2 3.74
2 2.8 4.53
3 2.9 3.84
4 3.1 3.98
5 2.7 4.33
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(a) Calculate an estimate and a 98%-level confidence interval for the mean time in system based on the five
replications. Select the most appropriate value from the following for your calculations:

z0.98 = 2.054 (standard Normal distribution)

z0.99 = 2.326 (standard Normal distribution)

t4;0.98 = 2.999 (Student’s t-distribution with 4 degrees of freedom)

t4;0.99 = 3.747 (Student’s t-distribution with 4 degrees of freedom)

t5;0.98 = 2.757 (Student’s t-distribution with 5 degrees of freedom)

t5;0.99 = 3.365 (Student’s t-distribution with 5 degrees of freedom)

(b) Suppose we want the 98% confidence interval to have a half width of no more than 0.1 . Explain how you
would use the results of part (a) to estimate the number of replications we would need in order to calculate
the estimate.

(c) Returning to part (a), suppose we were also to calculate a 98% confidence interval for the mean number
in queue.

(i) What would the overall confidence level of the two confidence intervals be (in other words, what is the
(approximate) probability that both confidence intervals simultaneously cover their respective true values)?

(ii) Why? (In other words, justify your answer for (i) above by explaining the logic underlying it.)

(iii) What would we need to do to obtain an overall confidence level of 99%?

10). (a) Briefly explain what the advantage might be in having a modulus that is a power of 2 in a linear
congruential random number generator.

(b) In light of your answer for part (a) above, briefly explain why a modulus that is a power of 2 is rarely
used for a multiplicative linear congruential generator.

(c) Use the linear congruential method with: multiplier A = 9, additive constant C = 5, modulus m = 16,
and initial seed value X0 = 10, to generate the next three uniformly-distributed random numbers in the
range [0 , 1).

(d) Does the generator of part (c) above have a full period? You must explain your answer to receive credit.

11). A set S of n line segments in the plane is said to have a Type 1 degeneracy if all segments lie on a
common line. They are said to have a Type 2 degeneracy if some subset of 3 or more endpoints are collinear
(thus, if two segments share an endpoint, then there is a Type 2 degeneracy, but there are other cases of
Type 2 degeneracies as well).

(a). How efficiently (in big-Oh notation, as a function of n) can one determine if S has a Type 1 degeneracy?
Explain briefly.

(b). How efficiently can one determine if S has a Type 2 degeneracy? Explain briefly.

(c). Now assume that S has no Type 1 or Type 2 degeneracies. Consider the arrangement, A(S), of the n
line segments. Let v, e, and f denote the number of vertices, edges, and faces of A(S). Give upper bounds
(as an explicit function of n, not big-Oh) for v, e, and f . (Try to make your upper bounds as good as
possible.)

12). (a). Given a set S1 of n blue points in <2 and a set S2 of m red points in <2, let Σ be the set of mn
line segments connecting each point of S1 with each point of S2.

Sketch an efficient method of determining if there is a stabbing line ` that stabs (crosses) every segment of
Σ. What is the running time of your method?

(b). Now let Σ be an arbitrary set of k line segments in the plane. Describe (briefly) a data structure that
allows one to answer the following query efficiently: For a query line `, determine how many segments of Σ
are crossed by `.
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(i). Preprocessing time is O( )

(ii). Storage space (memory usage) is O( )

(iii). Query time is O( )

13). The all or nothing flow problem is defined as follows: Given a directed graph, with capacities on the
arcs, uij , supply nodes S1, S2, . . . , Sk with integer supplies s1, s2, . . . , sk, and a sink node T , maximize the
total flow into T , subject to the constraint that each supply node either sends out all of its supply or none
at all. We also have the usual capacity constraints, and conservation of flow at each node other than the
supply and sink nodes.

(a). Describe a method to solve the problem in polynomial time if all supplies are equal to 1, si = 1. You
may either describe an algorithm or reduce this problem to one studied in class, which has a polynomial
time solution.

(b). Show that if the supplies are (general) integers, the problem is NP-complete. Hint: You can use a
reduction from 3 dimensional matching for supplies equal to 3, or a reduction from partition.

14). Let G = (N,E) be an undirected (connected) graph with n nodes and m edges. Define a matching M
to be maximal if for every edge e ∈ E \M , M ∪ e is not a matching.

(a). Show how to find a maximal matching in time O(m).

(b). Let M∗ be a maximum cardinality matching. Show that |M | ≥ 0.5|M∗|.

15). Does a stationary optimal policy exist for a total-reward Markov Decision Process with a countable
state space and finite action sets? Answer this question for positive, negative, and discounted problems.
Justify your answers.

16). Consider a discounted Markov Decision Process with a countable state space and a bounded reward
function. Let φ and ψ be two stationary policies. Define a stationary policy σ as follows:

σ(x) =

{
φ(x) if vφ(x) ≥ vψ(x);
ψ(x) otherwise.

(1)

Show that vσ(x) ≥ max{vφ(x), vψ(x)} for each state x.
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