
Qualifying Exam (January 2008): Operations Research

You have 4 hours to do this exam. Reminder: This exam is closed notes and closed books.

Do 2 out of problems 1,2,3.

Do 2 out of problems 4,5,6.

Do 3 out of problems 7,8,9,10,11,12,13,14.

All problems are weighted equally. On this cover page write which seven problems you want graded.

problems to be graded:

Academic integrity is expected of all students at all times, whether in the presence or absence of members
of the faculty. Understanding this, I declare that I shall not give, use, or receive unauthorized aid in this
examination.

Name (PRINT CLEARLY), ID number

Signature



1). Consider the following LP:

max z = 5x1 + x2 + 2x3

x1 + x2 + x3 ≤ 6
6x1 + x3 ≤ 8

x2 + x3 ≤ 2
x1, x2, x3 ≥ 0

Let the slack variables be si for the constraints. The optimal tableau is given below:

z x1 x2 x3 s1 s2 s3 RHS
1 0 1/6 0 0 5/6 7/6 9
0 0 1/6 0 1 -1/6 -5/6 3
0 1 -1/6 0 0 1/6 -1/6 1
0 0 1 1 0 0 1 2

(a) Which variables are basic in the current BFS? What is the current B−1?

(b) Find the dual to the original LP and its optimal solution. Make sure to give the optimal value of the
dual variables and the objective function.

(c) Find the range of values of the objective function coefficient for x1 for which the current basis remains
optimal.

(d) Find the range of values of the RHS coefficient b3 for which the current basis remains optimal.

(e) A new constraint is added x2 ≥ 1. Using sensitivity analysis, find the new optimal tableau.

2). Consider the LP min{cx | Ax = b, x ≥ 0}. (As usual, assume that A is an m by n matrix and, its rows
are linearly independent, and b is a vector of dim m.) Let B be a basis for an optimal basic soltuion x∗.

(a). Prove that if all zj − cj < 0 for non basic variables xj , then x∗ is a unique optimal solution.

(b). Prove that if x∗ is a unique optimal solution and is non degenerate then all zj − cj < 0 for non basic
variables xj .

(c). Let I be the set of non basic variables for which zj−cj = 0. Prove that x∗ is the unique optimal solution
if and only if the following LP has optimal solution 0: max

∑
j∈I xj subject to Ax = b, x ≥ 0, xj = 0 for all

j ∈ R \ I.

3). Prove the following Farkas like theorem:

For all matrices A and vectors b, exactly one of the following two alternatives holds:

(I) There exists x such that Ax = b, or

(II) There exists y such that yA = 0 and yb = 1.

4). The lifetime of a machine is an exponential random variable with parameter λ. A maintenance crew
checks this machine at times T, 2T, 3T, . . . etc., where T > 0 is a specified number. What is the expected
duration of the time the machine is down before it is discovered to be down?

5). Can a countable irreducible Markov chain with a doubly stochastic transition probability matrix be
positive recurrent?

Clarifications.
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1. A countable set is infinite, i.e. a finite state is not considered to be countable.

2. A stochastic matrix P is called doubly stochastic if
∑

i Pi,j = 1.

6). Customers arrive at an M/G/1 queue according to a Poisson process with the intensity λ. When a
customer arrives, a six-sided die is thrown. If the outcome is either 1 or 2, the arrival is not admitted to the
system. If the outcome is 3 or 4, the arrival is admitted to the system and the service time is exponential
with the intensity µ. If the outcome is 5 or 6, the arrival is admitted and the service time is deterministic
and it equals µ−1. Find the average time that an admitted customer spends in this system.

7). Consider the PDF f(x) = K + ε sin(2πx) for 0 ≤ x ≤ 1 (0 otherwise).

(a) What constraints are there on the values of K and ε?

(b) Find the proportion of values over 0.5, the mode, and the values of K and ε that will maximize mean.

(c) Give two different algorithms for generating samples from f , one that uses exactly one random number
per random variate and the other that uses more than one random number per variate.

(d) Provide another algorithm similar to the acceptance-rejection scheme that has 100% efficiency and
uses exactly two random numbers to produce each sample (but different from composition). Prove
that your algorithm is correct. (Hint: Perhaps it could be called the acceptance-relocation scheme.)

8). Five independent replications are made of a two-server queuing system starting with an empty system.
Each replication simulates the first 10 hours of the system’s operation. Two performance metrics are collected
from each replication: the mean number in queue, and the mean time spent by a customer in the system.

Replication Mean Number in Queue Mean Time in System (minutes)
1 3.2 3.74
2 2.8 4.53
3 2.9 3.84
4 3.1 3.98
5 2.7 4.33

(a) Calculate an estimate and a 98%-level confidence interval for the mean time in system based on the five
replications. Select the most appropriate value from the following for your calculations:

z0.98 = 2.054 (standard Normal distribution)

z0.99 = 2.326 (standard Normal distribution)

t4;0.98 = 2.999 (Student’s t-distribution with 4 degrees of freedom)

t4;0.99 = 3.747 (Student’s t-distribution with 4 degrees of freedom)

t5;0.98 = 2.757 (Student’s t-distribution with 5 degrees of freedom)

t5;0.99 = 3.365 (Student’s t-distribution with 5 degrees of freedom)

(b) Suppose we want the 98% confidence interval to have a half width of no more than 0.1 . Explain how you
would use the results of part (a) to estimate the number of replications we would need in order to calculate
the estimate.

(c) Returning to part (a), suppose we were also to calculate a 98% confidence interval for the mean number
in queue.

(i) What would the overall confidence level of the two confidence intervals be (in other words, what is the
(approximate) probability that both confidence intervals simultaneously cover their respective true values)?
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(ii) Why? (In other words, justify your answer for (i) above by explaining the logic underlying it.)

(iii) What would we need to do to obtain an overall confidence level of 99%?

9). A set S of n line segments in the plane is said to have a Type 1 degeneracy if all segments lie on a
common line. They are said to have a Type 2 degeneracy if some subset of 3 or more endpoints are collinear
(thus, if two segments share an endpoint, then there is a Type 2 degeneracy, but there are other cases of
Type 2 degeneracies as well).

(a). How efficiently (in big-Oh notation, as a function of n) can one determine if S has a Type 1 degeneracy?
Explain briefly.

(b). How efficiently can one determine if S has a Type 2 degeneracy? Explain briefly.

(c). Now assume that S has no Type 1 or Type 2 degeneracies. Consider the arrangement, A(S), of the n
line segments. Let v, e, and f denote the number of vertices, edges, and faces of A(S). Give upper bounds
(as an explicit function of n, not big-Oh) for v, e, and f . (Try to make your upper bounds as good as
possible.)

10). (a). Given a set S1 of n blue points in <2 and a set S2 of m red points in <2, let Σ be the set of mn
line segments connecting each point of S1 with each point of S2.

Sketch an efficient method of determining if there is a stabbing line ` that stabs (crosses) every segment of
Σ. What is the running time of your method?

(b). Now let Σ be an arbitrary set of k line segments in the plane. Describe (briefly) a data structure that
allows one to answer the following query efficiently: For a query line `, determine how many segments of Σ
are crossed by `.

(i). Preprocessing time is O( )

(ii). Storage space (memory usage) is O( )

(iii). Query time is O( )

11). We are given a connected graph G = (V,E), with n nodes and nonnegative costs on the edges. Define
a 1-tree to be a connected subset of n edges E′ ⊂ E that spans V . (In other words, a 1-tree is a spanning
tree of G plus one more edge.)

(a). Describe an efficient (polynomial time) algorithm to find a minimum cost 1-tree. Don’t forget to
prove that the output of your algorithm is indeed a minimum cost 1-tree! You may use any of the
algorithms described in class, and do not have to reprove their correctness.

(b). Prove that the cost of a minimum cost 1-tree is less than or equal to the cost of any Traveling
Salesman Tour on G.

12). We are given a directed graph G = (N, E), a source node s and sink node t with (nonnegative)
capacities on the arcs uij . We consider the max flow problem on this graph. A most vital arc is defined as
an arc whose deletion causes the largest decrease in the maximum flow value v. A least vital arc is defined
as an arc whose deletion causes the smallest decrease in the maximum flow value v.

Prove or give a counterexample:

(a). A most vital arc is an arc with the maximum value of uij .

(b). A most vital arc is an arc with the maximum value of xij .

(c). An arc that does not belong to some minimum cut cannot be a most vital arc.

(d). Any arc with the xij = 0 in any maximum flow is a least vital arc.

(e). Any arc that does belongs to some minimum cut cannot be a least vital arc.
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13). Consider a discrete-time service facility. Let ξt be the number of customers arriving at a service
facility at time t = 0, 1, . . .. Assume that ξ0, ξ1, . . . are iid random variables with P{ξ0 = 1} = p and
P{ξ0 = 0} = 1− p, 0 < 1 < p. The service facility has the space enough for three customers. If a customer
arrives and there are three customers at the facility, the arrival is lost. Otherwise, an arrival is admitted.

At each unit of time t = 0, 1, . . ., if there is a customer at the facility (including the customer arrived at
time t, if admitted), the manager decides which of two available machines 1 or 2 should be used. If machine
i = 1, 2 is used, one customer will be served with the probability pi > 0 and nobody will be served with the
probability (1−pi). These events happen independently of previous machine assignments and their outcomes.
The served customer immediately leaves the facility. If machine i is chosen, it costs $ci per unit time to the
manager. If an accepted customer spends n units of time at the facility between the arrival and departure,
it costs $n · h to the manager. For example, if a customer is served on the arrival date, the holding cost for
this customer is 0.

The goal is to minimize average costs per unit time subject to the constraint that the probability that an
arrival is accepted is not less than a given number P. Formulate the LP and explain how to find the optimal
policy from its solution.

14). Consider an MDP with a finite state set X and a finite action set A satisfying the General Convergence
Condition. Let v be the infinite-horizon value function and let vn be the finite-horizon value function. Is it
true that v(x) = limn→∞ vn(x), x ∈ X? Explain your answer.
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